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Abstract. It is proved that the boundary value problems of some sagrna-models in a non-Riemannian 
background have unique solutions. Sigma models on Riemannian backgrounds, sigma models with a 
Wess Zumino Witten term, the Ward model, and the self-dual Yang-Mills equations are among these 
models. 
Mathematics Subject Classifications (1991). 81E13, 81E20, 35J60, 35J65. 
In a recent paper [1], we have investigated the classical integrability of the sigma 
models in a non-Riemannian background and have given their one-soliton Back- 
lund transformations. In particular, two-dimensional sigma-models with a Wess-  
Zumino-Wit ten  term have been studied in detail. 
Let M be an m-dimensional manifold with the local coordinates x ~ and A ~v 
components of a complex tensor field in M. Let P be an n • n matrix with 
det(P) = 1. We also assume that P is a Hermitian ( P * =  P) matrix. Then the 
sigma-model we consider is given as 
~ (A~Pp ' ~P) 
Ox ~ ~ = o .  (1) 
For various choices of the tensor field A, the above equation arises in several 
branches of mathematical physics: (i) m = 2 and A ~ is real and symmetric. 
Equation (1) represents the essential part of the stationary axially symmetric 
Einstein-n-Maxwell field equations [5 8]. In this case, 
SU(n + 1, 1) 
Pe 
SU(n + I) • U(1)" 
Uniqueness of these solutions, in particular the uniqueness of the rotating charged 
black hole solution, has been shown by [2] and [4]. This proof  and its extensions have 
been studied in detail in [10] and [11]. (ii) m = 2 and A ~p is real, symmetric, and 
constant. Equation (1) represents the sigma model which is used as a nonperturba- 
tive field theory. (iii) m = 2, A "~ is real, constant, and also carries an antisymmetric 
part. This is the sigma model with a Wess Zumino-Wit ten  (WZW) term. 
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(iv) m = 3, A ~# is real with constant entries. This is the Ward model [9]. (v) m = 4 
and Det(A "#) = 0. Equation (1) represents the self-dual Yang-Mills equations in 
Yang's R-gauge. 
In [ 1], we have shown that A "~ has to satisfy some algebraic constraints for m > 2 
and differential constraints for m = 2 for an integrable subclass of (1). Solutions of 
these constraints indicate that there are also nonsymmetric tensor fields A "~ for 
which Equation (1) is integrable. Some specific examples of this class are signa 
models with a WZW term when rn = 2 and the self-dual Yang-Mills equations 
when m = 4. Uniqueness theorems of [2-4] are not applicable to this class. In their 
treatment, they assume a Riemannian background (i.e., real and symmetric A~#). 
The purpose of this Letter is to search for a class of sigma models which has 
unique solutions. We show that this class is quite large and contains the models on 
Riemannian backgrounds, sigma models with a WZW term, the Ward model, and 
the self-dual Yang-Mills equations. 
In the sequel, we assume enough differentiability for the components of the 
matrix P and the tensor field A ~# in D w~D and follow the method of [4] in a 
slightly different way. Here D is a region in M with boundary OD. We also assume 
that P is positive definite. Let P~ and P2 be two different solutions of (1). The 
difference of their equations satisfy 
~ (A=#PF l OQ ) ax ~ ~ #  P2 = 0, (2) 
where Q =P~P2 ~ Multiplying both sides by Q* (Hermitian conjugation) and 
taking the trace, we obtain 
~3,,c'c3 [A=# tr(Qtpg, OQt~v# P2)] = t r [ A ' e ( ~ ) P - J & Q ' ~ ] I  [ xa)Pz]. (3) 
The left-hand side of the above equation can be simplified further and we obtain 
(? (A=~x~)=tr[A'e(~Q*)Pvl(~x~)P21, (4) 57;x  \ 
where q = tr(Q). Using the hermiticity and positive definiteness properties of the 
matrices Pl and Pz, we may let 
P, = A,A*, (i=1,2), (5) 
where A~ and A2 are nonsingular n x n matrices. With the aid of (5), Equation (4) 
reduces to 
dx ~ ~ = tr(A~#J~tJ#), (6) 
where 
J~- -AV ~ A2. (7) 
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Equation (6) is a crucial step towards the proof  of the uniqueness theorems. Before 
going on, let us give an example for the scalar function q. It is positive definite for 
all n. As an illustration for n = 2, the matrix P takes the form 
P = co* 1 + o 9 o ~ *  , 
P 
where p is real (and positive in D), m are complex functions, and 9 denotes complex 
conjugation. We find that 
1 
q = 2 + [(p,  - p z ) z  + [pz~o, - p ,  ~o~l~]. 
P~P2 
(8) 
It is clear that q = 2 on the boundary t3D of D. In general (for all n), q takes the 
form 
q = n + sum of positive terms. (9) 
If q equals n, then each positive term in (9) must vanish. This implies P~ = Pa- 
For our later purposes, it is better to separate (6) into its real and imaginary 
parts. Let Aaa = g a p +  ihaa. Here gap and h ~a are, respectively, the real and 
imaginary parts of the tensor A aa. Recalling that a ~a tr(J~Jp) is real for real 
symmetric tensor a ~a and b aa tr(J~Ja) is pure imaginary for real and antisymmetric 
tensor b aa, we find that 
c~ (oaa O q ) _  (oaa tr(J~J~) i(h aa h aa) tr(J~Ja), 2 dx ~ \~, Ox~j - ,~, + g#~) + - 
~ ( h ~  Oq ) =  2 Ox ~ \ Oxaj _ i(gaa _ g~a) tr(J~jB) + (h~a + ht~a) tr(J~*Ja). 
(10) 
(11) 
Before giving the uniqueness proofs, let us first state the conditions that we need 
in these proofs. 
Uniqueness Conditions (UC) 
Let M be an m-dimensional manifold with local coordinates xL Let D be a region 
in M with boundary 0D. Let A aB be the components of  a complex tensor field in D 
with enough differentiability conditions. Let P be a Hermitian positive definite 
n x n matrix with unit determinant and let PL and P2 be two such matrices 
satisfying (1) in D with the same boundary conditions on t3D, then we have 
LEMMA 1. P~ = P2 at all po&ts in region D if  g~a + gas & positive definite, 
nondegenerate, and h ~ = h as. 
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Proof. Integrating (10) in D we obtain 
f cOq i f  og~a ~x~ dE~ = s D (g~a + g "~) tr(J~JtO d V  (12) 
and, using the boundary condition q = n on dD, we get 
D(g~/~ + ga~) tr(J~J,) dV. (13) 
Since the symmetric part of g~' is positive definite, then the integrand in (13) 
vanishes at all points in D. This and the nondegeneracy of g~' + g ' ~  imply the 
vanishing of J~ which implies that Q = Q0 = a constant matrix in D. Since Q is the 
identity matrix I on c~D, then Q = I in D. Hence, P1 = P2 at all points in D. Another 
way to prove this lemma is to use (10) directly. The vanishing of the integrand in 
(10) implies that q is an harmonic function in D with respect to a nondgenerate and 
positive definite metric g~" + g~ .  Since q = n on the boundary cOD of D, then it 
must be equal to the same constant in D as well. This implies that Pl = P2 in D. 
COROLLARY. Sigma models with h ~ = 0 such as sigma models on Riemannian 
geometries, sigma models with a W e s s - Z u m i n o -  Witten term (m = 2), and the Ward 
model (m = 3) have all unique solutions provided the conditions o f  the above lemma 
are satisfied. 
In the proof  of the above lemma, we have not used Equation (11). We remark that 
there is a duality in Equations (10) and (11). This property enables us to state a 
new lemma. 
LEMMA 2. Lemma 1 and its proo f  remain valid i f  g ~ and h ~ are interchanged. 
The imaginary part of A "~ in self-dual Yang-Mil ls  equations is antisymmetric. 
Hence, the above lemma cannot be utilized for these type of equations. Hence, we 
have the following lemma. 
LEMMA 3. PI = P2 at all points in region D if  A ~ = Z~,= l u~,*u~, where u~ are 
complex vectors in M.  Here, r = m/2  when m is even and r = (m - 1)/2 + 1 when m 
is odd and one o f  the vectors u~- is real. 
Proof. Definingjk = u~J~ and using the boundary conditions in Equation (6), we 
obtain 
fo ~ J~J'k d V = 0. (14) k = l  
Since the integrand is positive definite, then it must vanish. Together with (6), q is 
an harmonic function in D with respect to the metric A "a + A ~ which is positive 
definite and nondegenerate. Positive definiteness follows from A "a = E~= ~u~,*u~. 
Letting u~ = a~, + ibm,, where a~ and b~, are real vectors, 
A sp ~ (a~,a~ + b~,b~) + i ~ (a~b~k -- = akbk). ~ ~ (15) 
k - - I  k = l  
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When rn = odd integer, one of the vetors b~ is zero. The real and symmetric part of 
A "~ is written in terms of  m distinct real vectors, hence it is also nondegenerate. 
COROLLARY. The self-dual Yang-Mills equations have unique solutions. Here 
m = 4 and 
a~=(1 ,  O,O,O), b]' = (0 ,1 ,  0, 0), a~ = (0, 0 ,1 ,  0), b~ = (0, 0, 0,1).  
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